Recent studies have established that, in addition to the well-known kicked Harper model (KHM), an on-resonance double kicked rotor model (ORDKR) also has Hofstadter's butterfly Floquet spectrum, with strong resemblance to the standard Hofstadter's spectrum that is a paradigm in studies of the integer quantum Hall effect. Earlier it was shown that the quasi-energy spectra of these two dynamical models (i) can exactly overlap with each other if an effective Planck constant takes irrational multiples of 2π and (ii) will be different if the same parameter takes rational multiples of 2π. This work makes some detailed comparisons between these two models, with an effective Planck constant given by 2πM/N , where M and N are coprime and odd integers. It is found that the ORDKR spectrum (with two periodic kicking sequences having the same kick strength) has one flat band and N − 1 non-flat bands whose largest width decays in power law as
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with L being an additional system parameter. Throughout we assume the KHM is also treated in the same Hilbert space as the KR and is quantized on a rotor Hilbert space. The dynamics of KHM differs from that of KR as described above in several aspects. For example, for all irrational values of /(2π), the system in general tends to delocalize (localize) in (angular) momentum space for K > L (K < L) [8] . Of particular interest is the symmetric case of K = L, for which the quasi-energy spectrum of U KHM is fractal-like in general.
Scanning the spectrum collectively for fixed K/ = L/ versus a varying forms a pattern that resembles the Hofstadter's butterfly spectrum [11] , a paradigm in studies of the integer quantum Hall effect. The associated dynamics is extended in general and may be connected with the fractal dimensions of the Floquet spectrum.
Given the above-mentioned differences between KR and KHM, the work of Ref. [12] by two of the authors emerged somewhat unexpectedly. There it was shown that a variant of KR also has Hofstadter's butterfly spectrum. In particular, motivated by the double-kicked rotor model studied both experimentally and theoretically in Ref. [13] , which is a special case of "multiple KR's" first introduced in Ref. [14] , Ref. [12] 
In Ref. [12] , τ is chosen to satisfy the quantum resonance condition τ = 4π. Then e −iτ p 2 2 = 1 due to the discreteness of the momentum eigenvalues. This leads us to an on-resonance double kicked rotor model (ORDKR), whose Floquet operator is given by [15] : 
Note that we have deliberately used symbols K and L in both U KHM and U ORDKR because in this paper, parameter K or parameter L from both models will always be assigned the same value. Experimental realization of such an ORDKR propagator in atom optics is possible by loading a Bose-Einstein-Condensate (BEC) in a kicking optical lattice, with the initial quasi-momentum spread of the BEC negligibly small as compared with the recoil momentum of the optical lattice [16] . Interestingly, for being an irrational multiple of 2π, the ORDKR and the KHM share the same quasi-energy spectrum [17, 18] .
Our main plan for this paper is to make some detailed comparisons between KHM and ORDKR as two closely related dynamical models, both possessing Hofstadter's butterfly spectrum. Our motivations are as follows. First of all, in Refs. [12, 17] , it was shown that U ORDKR and U KHM have different spectra if is a rational multiple of 2π. On the other hand, as /(2π) approaches an arbitrary irrational number, the spectral difference between U ORDKR and U KHM , which is characterized by a Hausdorff metric in Ref. [17] , was shown to approach zero. It is therefore highly worthwhile looking into the actual spectral differences for rational values of /(2π), because, up to a classical canonical transformation, ORDKR and KHM have exactly the same classical limit [19] (obtained by letting approach zero while fixing K/ and L/ ). Indeed, given their equivalence in the classical limit, the spectral differences we analyze constitute beautiful examples to illustrate how quantization of classically equivalent systems may lead to remarkable system-specific consequences. Second, by working on the details we hope to find some clues as to why the dynamics of ORDKR can be so different from that of KHM. We indeed succeed in doing this, finding that even on a qualitative level, the Floquet bands of ORDKR behave much differently from that of KHM, for = 2πM/N , with M and N being coprime and both odd. In particular, we shall prove the existence of a flat Floquet band [14, 20] for ORDKR with K = L, which may be of interest to current studies of strongly correlated condensed-matter systems with an almost flat energy band [21] . The existence of a flat Floquet band has been shown elsewhere to be important in explaining the intriguing exponential quantum spreading dynamics in ORDKR [22, 23] . Third, motivated by recent interests in topological characterization of periodically driven systems [24, 25] and given the interesting relationship of the two models described previously, we ask whether, after all, ORDKR and KHM have any interesting topological connections. Based on our numerical and analytical studies, the answer is yes and we shall claim that ORDKR and KHM are topologically equivalent in the sense that their extended Floquet bands (obtained upon introducing a phase shift parameter defined in Sec. III) always have the same band Chern numbers.
This paper is organized in the following order. In Sec. II we present detailed results regarding a spectral comparison between KHM and ORDKR, for K = L, and = 2πM/N with M and N being coprime and odd integers. Numerical findings will be described first, followed by analytical considerations when possible (e.g., band width scaling for a three-band case and the general proof of a flat band for ORDKR). The implications of peculiar spectral properties of ORDKR for its dynamics are also discussed via some numerical studies. In
Sec. III we study the KHM and ORDKR by extending them to accommodate a new periodic parameter and demonstrating the topological equivalence of the resulting extended models.
Section IV concludes this paper.
II. SPECTRAL DIFFERENCES AND THEIR DYNAMICAL IMPLICATIONS
A. Summary of main numerical findings
As far as numerics are concerned, the spectrum of the unitary operators can be obtained in a straightforward manner. For completeness we describe some details here. The key step is to take advantage of the periodic property of U KHM or U ORDKR in the (angular) momentum space, which arises naturally for being a rational multiple of 2π. Denote U to refer to either U KHM or U ORDKR . Letting U j,k ≡ j| U |k , one easily finds U j+N,k+N = U j,k for = 2πM/N . This indicates a unit cell in (angular) momentum space, with a size of N .
The spectrum is then equivalent to that of a reduced N × N matrixŨ (ϕ), whose elements are given by [Ũ (ϕ)] j,k = l e ilϕ U j,k+lN , with ϕ ∈ [0, 2π) being the Bloch phase in momentum space and l running over all integers. As off-diagonal elements of U j,k decay exponentially, the summation in l e ilϕ U j,k+lN can be truncated safely at certain large enough value of |l| (in our analytical studies below, we do not do such truncations). Numerical results are then checked by further increasing the truncation radius. OnceŨ (ϕ) is numerically obtained, the standard diagonalization algorithm for a unitary matrix can be exploited to obtain N values of quasi-energy . By varying ϕ in [0, 2π) we have N Floquet bands.
In Fig. 1 we show our obtained quasi-energy values of U ORDKR and U KHM as a function of the kick strength K. Though for each fixed value of K, we only show the quasi-energy values for a limited number of Bloch phase choices, the locations of the bands, the band width, and a few avoided band crossings can already be seen clearly for not too large values of K = L. In particular, at N = 9, nice Floquet bands can be identified clearly for both ORDKR and KHM, though for very large values of K the merging of the bands does occur.
Spectral differences between U ORDKR and U KHM in the shown example are also obvious.
Based on the results shown in features are presented and commented on below.
First, the band structure of U ORDKR is symmetric with respect to the zero quasi-energy axis, which is however not the case for U KHM . This interesting symmetry is absent in both U KHM and U KR . We shall prove this property below.
Second, consistent with the above-mentioned symmetry, U ORDKR is seen to have a flat band with = 0. By flat band, we mean that this quasi-energy value is independent of the Bloch phase ϕ. So the overall picture is that the N bands can be classified into (N − 1)/2 pairs, with each pair having opposite quasi-energy values, plus a flat band in the middle. Again, this is not the case for U KHM . The existence of a flat Floquet band was previously observed in studies of the quantum antiresonance phenomenon in kicked systems [14, 20] . However, unless in the case of N = 1 (M odd) that also corresponds to a quantum antiresonance condition, here the flat band of U ORDKR coexists with other nonflat bands.
This coexistence of a flat band with nonflat bands constitutes an interesting feature. As a side note, Ref. [26] suggested that for a KR defined in this paper under the quantum resonance condition of any order (i.e., T = 4πM/N , with M and N arbitrary coprime can be clearly identified, whereas the bandwidth of KHM remains a linear function of K, irrespective of the value of N . This being the case, in the small K regime (K << 1), the maximum bandwidths of ORDKR is K N +1 times narrower than that of KHM.
B. Flat band and Band symmetry in ORDKR
Flat bands in solid-state systems are of vast interest in condensed matter physics because they offer new opportunities for understanding strongly correlated systems without Landau levels. For this reason the existence of a flat band in a periodically driven system can be useful, too. To further understand the flat band of ORDKR, we present a theoretical proof in this subsection. In doing so we shall also prove the band symmetry noted above. We shall also discuss how an eigenstate on a flat band, which is infinitely degenerate, may be numerically found. 
mn , where indices m and n take values 0, 1, · · · , N − 1. Note that in obtaining our expression for D 1 , we made use of the fact that e in 2 π = e inπ . We then have the following compact form for the reduced Floquet matrix
To prove that there is a flat band for ORDKR, we show thatŨ ORDKR (ϕ) has an eigenvalue equal to one, regardless of the value of ϕ. Consider then a matrixŨ ORDKR (ϕ) transformed fromŨ ORDKR (ϕ) by a unitary operation F D ϕ , which takes the form
The eigenvalue equation ofŨ ORDKR (ϕ) may be rewritten as
where B ≡ F D 1 F † , |x denotes an eigenvector, and λ is an eigenvalue ofŨ ORDKR (ϕ).
Detailed calculations show that B is a symmetric matrix (see Appendix for details) and always has a unity eigenvalue or zero quasi-energy for = 2πM/N . This is nothing but the existence of a flat Floquet band.
Our considerations above also lead us to a proof of the band inversion symmetry of ORDKR for odd M and N . Specifically, because (
as well. That is, both λ and λ TrŨ (ϕ) − ). The bandwidth can thus be determined to be arccos cos(
. Taylor expanding this expression for the bandwidth, we find the first nonzero term to be
For KHM, the eigenvalues can be deduced from the equation Det Ũ KHM (ϕ) − λ = 0.
The resulting explicit expression of the eigenvalue equation is
where re iθ = 1 9 . For K < 1, the edges of the band correspond to ϕ = 0 and ϕ = π. The band width can thus be determined to be
Taylor expanding the expressions of eigevalues for K 1 and keeping the lowest order in
clear linear scaling of K.
The very fast decay of the Floquet bandwidth of ORDKR suggests that in a considerable range of K the bandwidths will be very narrow. In other words, for a small K, all the Floquet bandwidths would be effectively zero for a reasonably long time scale. Therefore, when it comes to the dynamical evolution of the system, effectively the system will not feel its continuous Floquet spectrum and hence displays localization behavior, for a time scale inversely proportional to the bandwidths. We call this the time scale of transient dynamical 
III. TOPOLOGICAL EQUIVALENCE BETWEEN ORDKR AND KHM
In this section, we devote ourselves to a detailed comparison of the Floquet band topologies of ORDKR and KHM. We first describe our motivation and introduce new notation.
Next, we report numerical findings of the Floquet band topological numbers of both models.
Finally, an exact analytical proof of the topological equivalence between ORDKR and KHM is presented.
A. Motivation and Notation
One early study [6] suggested that topological properties of the Floquet bands of KHM may be connected with the regular-to-chaos transition in the classical limit. Because OR-DKR and KHM share the same classical limit (up to a canonical transformation), we suspect that there should be some similarity in their Floquet band topologies. Our second motivation for a topological study is related to an earlier finding that, when /(2π) is a rational number, the spectral union of U ORDKR−α (variant of ORDKR defined below) over all α is the same as that of U KHM−α (variant KHM defined below) over all α [17] . This previous mathematical result further suggests a possible topological connection between the two models.
Interestingly, as we explore this possible topological connection, we are able to see a connec-tion between KHM propagator and ORDKR propagator for each individual value of α along with an individual value of the Bloch phase, thus going beyond Ref. [17] that considered a unification of all values of α and the Bloch phase. Further, as we shall see below, the connection is established by a mapping in the parameter space, which cannot be achieved by a unitary transformation between the two propagators.
Next, we introduce necessary notation for our discussion of band topology. To characterize the band topology for both ORDKR and KHM, we introduce an additional periodic phase parameter α ∈ [0, 2π) to the ORDKR and KHM maps, namely, In what follows, we denote |ψ n (ϕ, α) as an (generalized) eigenstate of either U ORDKR−α or U KHM−α , in the nth band, with an eigenvalue exp[i n (ϕ, α)]. Such a generalized eigenstate lives on the entire (angular) momentum space. We then denoteŨ (ϕ, α) as the reduced N × N Floquet matrix constructed from either U ORDKR−α or U KHM−α using the method described at the beginning of Section II. We next define the state |ψ n (ϕ, α) , which is |ψ n (ϕ, α) projected onto N sites of one unit cell in the (angular) momentum space, i.e.,
m=0 |m m|ψ n (ϕ, α) . We further assume that |ψ n (ϕ, α) is normalized over one unit cell consisting of N sites. Using the above notation, the Berry curvature of the nth band is then defined as [24] 
where we have suppressed the explicit dependences on ϕ and α for brevity. From the Berry curvature we obtain the Chern number C n ,
B. Numerical Findings
We have conducted extensive numerical evaluations of the Floquet band Chern numbers associated with both U ORDKR−α and U KHM−α . We find that for the same K and L respectively in both models, the Chern numbers are always equal. For example, for = 2π/3 and Some insight into this observed topological equivalence may be obtained by comparing the quasienergy dispersions of the two models. In Fig. 6 , we present the Floquet band structure for both ORDKR and KHM, in the case of K = L = 3 . Interestingly, the ORDKR band profile appears to be the same as that of KHM, up to some translation along the ϕ and α axes, followed by a rotation of the spectrum about the quasi-energy axis. This observation is consistent with our proof of topological equivalence in the next section.
We have numerically observed that the topological equivalence also occurs for K = L.
As one example of this, Fig. 7 depicts a zoo of Chern numbers for ORDKR and KHM, with = 2π/3, L = fixed but K varying. We again see the same equivalence of Chern numbers across a few topological phase transition points. In addition, we found computationally that the Chern numbers are invariant upon an exchange between L and K. This was found to hold true also in other cases with more bands.
We have also plotted the Floquet band structure for a K > L case in Fig. 8 . Here we consider the case of K/ = 3, L/ = 1. It is seen that the band profiles of ORDKR and KHM are once again similar and appear to be related by a rotation and translation.
C. Proof of Topological Equivalence
To strictly confirm our claim of topological equivalence, we present an analytical proof in this subsection. The proof proceeds as follows. We first show that the reduced ORDKR We consider cases with = 2πM/N , with M and N co-prime and both odd. In these cases, the reduced Floquet matrices of U ORDKR−α and U KHM−α (see the Appendix for details)
can be written compactly as a product of N × N unitary matrices
where are defined as they were in Section II.
We begin the proof by applying a unitary transformation given by exponential of a matrix, we obtaiñ
. . .
where
In the following steps, we will apply a series of unitary transformations to the reduced matrix U ORDKR (ϕ, α) and show that the result is equivalent to the above unitarily transformed version ofŨ KHM (ϕ, α) provided a condition between ϕ and α in the two models is obeyed.
Applying a transformation given by F D ϕ toŨ ORDKR (ϕ, α), we obtainŨ
ϕ F † , which we simplify as follows.
Next, we introduce the N × N permutation matrix P σ which is made up entirely of zeroes except that in the j-th row, the σ j -th column equals 1, with σ j = j × (N − M ) mod N . Here, j and σ j take values 0, · · · , N − 1. Note that P σ is unitary and that the set of σ j values will include all of the N values j = 0, 1, · · · , N − 1. We apply the unitary transformation P σ toŨ (1) ORDKR (ϕ, α) and obtainŨ
The effect of the permutation matrix on X is as follows.
We can see that the structure of the above matrix is very similar to C and would be made identical with it if we were to replace all the nonzero elements with 1. This is achieved by a transformation via the diagonal unitary matrix D 0 which has diagonal elements (
ORDKR (ϕ, α)D † 0 and using that D 0 and D 1L commute due to their both being diagonal, we obtaiñ
From Eq. (14) and (19), we observe thatṼ ORDKR (ϕ, α) andṼ KHM (φ,α) are identical,
. Summarizing what we have found so far, we have learned that if we unitarily transform fromŨ
we find that the two unitarily transformed matrices are identical up to some mapping between (φ,α) and (ϕ, α). 
, and the definitions of the matrices D, F , D 2K , D 0 and P σ all are previously given. For example, (Dφ) n,m = e −inφ N δ n,m , and
and |ψ ORDKR n (ϕ, α) be the nth eigenstate ofŨ ORDKR (ϕ, α). Equation (20) then leads to
Because scanning all the values of (ϕ, α) will scan all the values of (φ,α), it is obvious now that the union of the spectrum ofŨ KHM (φ,α) (after considering all values ofφ andα) should be the same as the union of the spectrum ofŨ ORDKR (ϕ, α) (after considering all values of ϕ and α), thus directly confirming an early proof in Ref. [17] . We stress, however, that the one-to-one correspondence betweenŨ ORDKR (ϕ, α) andŨ KHM (ϕ, α) is a new result that we did not find previously. shows dependence on (ϕ, α) forŨ ORDKR (ϕ, α), whereas panel (b) shows dependence on (φ,α) for
Finally, we show thatṼ ORDKR (ϕ, α) andṼ KHM (ϕ, α) have the same set of Chern numbers as their respective original matricesŨ ORDKR (ϕ, α) andŨ KHM (ϕ, α). To do this, we make use of the line integral version of the Chern number of the nth band given by
where θ ≡ (ϕ, α) and the line integral is around the perimeter of the Brillouin zone (0, 2π] × (0, 2π] in (ϕ, α) parameter space. Here ψ n ( θ) again refers to the nth band eigenstate of eitherŨ ORDKR (ϕ, α) orŨ KHM (ϕ, α) at the point θ. The eigenstates ofṼ KHM (ϕ, α) and
, are related to the original eigenstates by U † 1,2 ψ n ( θ) = ψ n ( θ) respectively. We may substitute this into Eq. (22) and obtain an expression for C n in terms of ψ n ( θ) . Because the transformations U 1,2 depend on ϕ but not on α, it can be shown, by making use of the fact that the line integrals along α = 0 and α = 2π are in opposite directions, that the resulting expression for C n reduces back to that of the form of Eq. (22), except with the transformed eigenstates taking the place of the original ones. This proves that the Chern numbers of the unitarily transformed reduced matrices match those of the original ones.
Next, we note that when we imposeφ = ϕ + N π andα = α − forṼ KHM (φ,α) gives a result equal to that when we calculate the line integral around the perimeter of the usual (0, 2π] × (0, 2π] Brillouin zone. However, this can be easily shown to be the case by converting the line integral around the parallelogram into a surface integral using Stokes' theorem. We then obtain a surface integral of the form of Eq. (12) enclosing the area of the parallelogram. Because the Berry curvature as seen in Eq. (11) is exactly 2π-periodic along both ϕ and α, it is trivial to see that we can map the area of But topologically speaking, upon introducing one extra parameter α we have a topological equivalence between an extended ORDKR model, previously proposed in studies of quantum ratchet acceleration without using a bichromatic lattice [27] , with a simple extension of the standard KHM. To have a pair of models that are topologically equivalent should be a useful contribution to the general understanding of the topological properties of periodically driven systems [28] . 
Reduced Floquet matrix for ORDKR
The Floquet operator of ORDKR is
The reduced N × N Floquet matrix is thus
To simplify, we make use of the Poisson summation formula
and obtain
For the sake of illustration, we write the reduced Floquet matrix as a product of unitary
If we introduce an additional periodic phase parameter α ∈ [0, 2π) to the ORDKR map, the Floquet operator becomes
The corresponding reduced Floquet matrix is The Floquet operator of KHM is 
